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This paper describes a new procedure for the homogenization of orthotropic 3D periodic plates. The theory of Caillerie
[Caillerie, D., 1984. Thin elastic and periodic plates. Math. Method Appl. Sci., 6, 159–191.] – which leads to a homoge-
neous Love–Kirchhoﬀ model – is extended in order to take into account the shear eﬀects for thick plates. A homogenized
Reissner–Mindlin plate model is proposed. Hence, the determination of the shear constants requires the resolution of an
auxiliary 3D boundary value problem on the unit cell that generates the periodic plate. This homogenization procedure is
then applied to periodic brickwork panels.
A Love–Kirchhoﬀ plate model for linear elastic periodic brickwork has been already proposed by Cecchi and Sab [Cec-
chi, A., Sab, K., 2002b. Out-of-plane model for heterogeneous periodic materials: the case of masonry. Eur. J. Mech.
A-Solids 21, 249–268; Cecchi, A., Sab, K., 2006. Corrigendum to A comparison between a 3D discrete model and two
homogenised plate models for periodic elastic brickwork [Int. J. Solids Struct., vol. 41/9–10, pp. 2259–2276], Int. J. Solids
Struct., vol. 43/2, pp. 390–392.]. The identiﬁcation of a Reissner–Mindlin homogenized plate model for inﬁnitely rigid
blocks connected by elastic interfaces (the mortar thin joints) has been also developed by the authors Cecchi and Sab [Cec-
chi A., Sab K., 2004. A comparison between a 3D discrete model and two homogenised plate models for periodic elastic
brickwork. Int. J. Solids Struct. 41/9–10, 2259–2276.]. In that case, the identiﬁcation between the 3D block discrete model
and the 2D plate model is based on an identiﬁcation at the order 1 in the rigid body displacement and at the order 0 in the
rigid body rotation.
In the present paper, the new identiﬁcation procedure is implemented taking into account the shear eﬀect when the blocks
are deformable bodies. It is proved that the proposed procedure is consistent with the one already used by the authors for rigid
blocks. Besides, an analytical approximation for the homogenized shear constants is derived. A ﬁnite elements model is then
used to evaluate the exact shear homogenized constants and to compare themwith the approximatedone.Excellent agreement
is found.Finally, a structural experimentation is carried out in the case ofmasonrypanel under cylindrical bending conditions.
Here, the full 3D ﬁnite elements heterogeneousmodel is compared to the corresponding 2DReissner–Mindlin andLove–Kir-
chhoﬀ plate models so as to study the discrepancy between these three models as a function of the length-to-thickness ratio
(slenderness) of the panel. It is shown that the proposed Reissner–Mindlin model best ﬁts with the ﬁnite elements model.
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An extensive literature already exists on the study of heterogeneous block structures (Lee et al., 1996, 1998;
Lofti and Benson Shing, 1994; Lopez et al., 1999; Lourenc¸o and Rots, 1993; Luciano and Sacco, 1997; Mar-
kov, 1999). The term ‘‘block structures’’ is used to describe a 3D discrete system made of blocks with a regular
disposition, interacting with elastic mortar joints. Furthermore, the size of the blocks is small in comparison
with the size of the panel as a whole. An identiﬁcation between the block structure and a 2D continuum plate
model is carried out.
Moreover, in the case of historical masonry, in particular, the mortar is much more deformable than the
block and the thickness of the mortar is often negligible if compared to the dimensions of the blocks. This
is the reason which justiﬁes the choice of models when the blocks are modelled as rigid bodies and the
mortar joints as interfaces. In this sense, previous papers of the authors Cecchi and Sab (2002a,b, 2004,
2006, 2007) have deﬁned the ﬁeld of application of these hypotheses. In fact, in some cases, this assumption
may be too restrictive. This is the reason to develop a model in which the elasticity of the blocks is taken
into account.
Section 2 shows the proposed general procedure for the homogenization of orthotropic 3D periodic
plates. Reference is made to the theory of Caillerie (1984) leading to a homogeneous Love–Kirchhoﬀ
model. Then, it is explained how this theory may be extended in order to take into account the shear
eﬀects for thick plates. A homogenized Reissner–Mindlin plate model is proposed. The determination
of the shear constants requires the resolution of an auxiliary 3D boundary value problem on the unit cell
that generates the periodic plate. The proposed identiﬁcation method for the shear constants is actually an
extension to periodic orthotropic plates of Reissner’s method for homogeneous isotropic plates (e.g. Reiss-
ner, 1985). This homogenization procedure is then applied to periodic brickwork panels in Section 3. Pre-
vious models developed by the authors are ﬁrst reported. Subsequently, it is proved that the proposed
procedure is consistent with the one used by the authors for rigid blocks connected by elastic interfaces.
Besides, an analytical approximation for the homogenized shear constants is derived. In Section 4, a
description of the 3D ﬁnite elements model (FEM) to evaluate the ﬂexural and the shear homogenized
constants is reported. Moreover, a comparison between the homogenized shear constants obtained from
3D FEM and the proposed analytical approximation is reported for diﬀerent EB/EM ratios, where EB
and EM are the Young modulus of the brick and of the mortar, respectively. Finally, a structural exper-
imentation is carried out in the case of masonry panel under cylindrical bending conditions. Here, the full
3D FE heterogeneous model is compared to the corresponding 2D Reissner–Mindlin and Love–Kirchhoﬀ
plate models so as to study the discrepancy between these three models as a function of the length-to-
thickness ratio (slenderness) of the panel.2. Homogenization of orthotropic periodic plates
The heterogeneous linear elastic plate under consideration occupies a domain X  t3
2
; t3
2
½ where X is the
middle surface of the plate and t3 is its thickness. The plate exhibits a periodic structure in direction 1 and
2 so that it is possible to extract a unit cell which contains all information necessary to completely describe
the plate. This cell is denoted byY ¼ t1
2
; t1
2
  t2
2
; t2
2
  t3
2
; t3
2
  ¼ x t3
2
; t3
2
 where x ¼  t1
2
; t1
2
½  t2
2
; t2
2
½ is the middle surface of Y; oY is the boundary of Y, oY 3 ¼ x  t32
 
is its upper
(lower) boundary and oY l ¼ ox  t32 ; t32 ½ is its lateral boundary. The base vectors are denoted by (e1,e2,e3)
(see Fig. 1).
Fig. 1. Masonry structure. (a) Stack bond REV. (b) Stack bond REV with mortar interfaces.
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It has been demonstrated by Caillerie (1984) that the 3D-body may be modelled as a homogeneous Love–Kir-
chhoﬀ plate according to the homogenization procedure described hereafter if the following assumptions hold
true: (i) t1, t2 and t3 are of the same order; (ii) (ti)i=1,2,3 are very small in comparison with L, the typical in-plane
size of the structure (i.e. the size ofX); (iii) the actions are characterizedby awavelengthmuch larger than (ti)i=1,2,3.
The following notations are used: Greek index a,b = 1,2. Latin index i, j = 1,2,3. N = (Nab) is the macro-
scopic in-plane (membranal) stress ﬁeld for the homogenized plate;M = (Mab) is the macroscopic out-of-plane
(ﬂexural) stress ﬁeld for the homogenized plate; E = (Eab) is the corresponding in-plane strain ﬁeld; v = (vab) is
the corresponding out-of-plane strain ﬁeld;U = (Ui) is a displacement ﬁeld. Themacroscopic ﬁelds are related to
the macroscopic displacement ﬁeld componentsU1(x1,x2),U2(x1,x2) andU3(x1,x2) as follows (Caillerie, 1984):
Eab ¼ 12 ðU a;b þ Ub;aÞ, Ei3 = 0, vab = U3,ab and vi3 = 0. The homogenized constitutive law of the plate may be
expressed in terms of its 3D characteristics once the following auxiliary problem is solved on the unit cell:divr ¼ 0;
r ¼ aðyÞ : e;
e ¼ Eþ y3vþ gradsðuperÞ;
r  e3 ¼ 0 on oY 3 ;
r  n skew-periodic on oY l;
uper periodic on oY l:
8>>>><
>>>>:
ð1Þ
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operator; n is the normal vector to oYl; u
per is an x-periodic displacement ﬁeld and a(y) is the x-periodic local
elasticity tensor.
The constitutive law of the plate becomesN ¼ hri ¼ A : Eþ B : v; ð2Þ
M ¼ hy3ri¼TB : EþD : v; ð3Þwherehf i ¼ 1
S
Z
Y
f ðy1; y2; y3Þdy1 dy2 dy3;S = t1t2 is the area of x and A, B and D are the constitutive homogenized plate tensors.
If the unit cell Y oﬀers a central symmetry, hence B = 0. If in addition Y is symmetric in the three reference
axis, then the homogenized plate tensors take the following form:N 11 ¼ A1111E11 þ A1122E22;
N 22 ¼ A1122E11 þ A2222E22;
N 12 ¼ 2A1212E12;
8><
>: ð4Þ
M11 ¼ D1111v11 þ D1122v22;
M22 ¼ D1122v11 þ D2222v22;
M12 ¼ 2D1212v12:
8><
>: ð5ÞTaking into account the symmetries of the unit cell Y, it is possible to identify the three bending constants by
solving three boundary value problems onY =8 ¼ 0; t1
2
  0; t2
2
  0; t3
2
 
;with usual boundary conditions (Cecchi and Sab, 2002b). The three relevant cases arevð1Þ ¼ 1 0
0 0
 
; vð2Þ ¼ 0 0
0 1
 
; vð3Þ ¼ 0 1
1 0
 
:See Appendix A. When the membranal homogenized elastic constants are to be obtained, reference may be
also made to Anthoine (1995).2.2. The homogenized Reissner–Mindlin model
Shear eﬀects are not taken into account in the homogenized Love–Kirchhoﬀ model. In order to enhance
this model, a new homogenized Reissner–Mindlin plate model is proposed for periodic plates with Y symmet-
ric in the three reference axis. The method proposed below is an heuristic identiﬁcation method which is not
based on the standard homogenization methods because these methods cannot lead to a Reissner–Mindlin
model. It must be noted that the orthotropic Reissner–Mindlin model is described by three displacements
URM ¼ ðURMi ðx1; x2ÞÞ and two rotations U = (/a(x1,x2)). The strain tensors are related to displacement and
rotation ﬁeld components as follows: Eab ¼ 12ðU a;b þ Ub;aÞ, c = (ca), ca ¼ URM3;a þ /a, vab ¼ 12ð/a;b þ /b;aÞ. The
stress tensors are N = (Nab(x1,x2)), M = (Mab(x1,x2)) and the shear stress vector Q = (Qa (x1,x2)). The
normal and bending elastic constants must be the same as those of the Love–Kirchhoﬀ model (4 and 5)
because these two models are asymptotically equivalent when the ratio t3L goes to zero. The shear elastic con-
stants F = (Fab) relate the shear vector Q to the shear strain vector c as follows:Q1 ¼ F 11c1; Q2 ¼ F 22c2; F 12 ¼ 0:
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The identiﬁcation of Faa constant is based on the solution of the following auxiliary problem on the unit cell
Y:divrQa þ fa ¼ 0;
rQa ¼ aðyÞ : gradsðuQaÞ;
rQa  e3 ¼ 0 on oY 3 ;
rQa  n skew-periodic on oY l;
uQa periodic on oY l:
8>>><
>>>>:
ð6ÞIn the above equations, the x-periodic body forces f a aref1 ¼ D1ð1111Þ
rð1Þ11
rð1Þ12
rð1Þ13
0
BB@
1
CCAþD1ð1122Þ
rð2Þ11
rð2Þ12
rð2Þ13
0
BB@
1
CCA; ð7Þ
f2 ¼ D1ð1122Þ
rð1Þ12
rð1Þ22
rð1Þ23
0
BB@
1
CCAþD1ð2222Þ
rð2Þ12
rð2Þ22
rð2Þ23
0
BB@
1
CCA; ð8Þwhere r(k) is the stress ﬁeld solution to (1) for (E = 0,v = v(k)) andD1ð1111Þ ¼ þ
D2222
D1111D2222  ðD1122Þ2
;
D1ð1122Þ ¼ 
D1122
D1111D2222  ðD1122Þ2
;
D1ð2222Þ ¼ þ
D1111
D1111D2222  ðD1122Þ2
:The Faa constant is evaluated as follows (no summation over a)ðF aaÞ1 ¼ hrQa : gradsðuQaÞi ¼ hrQa : a1 : rQai
¼ hgradsðuQaÞ : a : gradsðuQaÞi ¼ hfa:uQai ð9Þ2.2.2. Justiﬁcation
The analysis is restricted to out-of-plane loaded plates. According to the asymptotic expansion method sug-
gested by Caillerie (1984), the in-plane stress components rab are all in the same order as R. In addition, the
average of out-of-plane shear stresses over Y, hra3i, scale like ð tLÞR and hr33i scales like ð tL Þ2R where t is the
typical size of the unit cell Y and L is the typical in-plane size of the plate. Hence, as tL goes to zero, the solution
of the 3D problem goes to the solution of the Love–Kirchhoﬀ plate model which is the term of order zero in
the expansion series in terms of the small parameter tL. Therefore, the local 3D stresses under purely bending
conditions (N = 0) of the orthotropic plate may be approximated as follows:rLKðxÞ ¼ v11ðx1; x2Þrð1ÞðxÞ þ v22ðx1; x2Þrð2ÞðxÞ þ v12ðx1; x2Þrð3ÞðxÞ ð10Þ
where vab(x1,x2) are obtained by solving the homogenized Love–Kirchhoﬀ plate boundary value problem. In
other words, the expression (10) is an appropriate approximation of the real 3D stress tensor ﬁeld if tL is small
enough and the curvature ﬁeld v is characterized by a wavelength much larger than t. For thick plates, the out-
of-plane shear eﬀects may become important. If the asymptotic expansion method is used in order to capture
these eﬀects, one should go to the order one of the expansion series in tL. Hence, one has to add to r
LK(x) not
only the ﬁrst order terms of the out-of-plane shear stresses, ra3, but also the ﬁrst order terms of the in-plane
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Mindlin model cannot be justiﬁed by a convergence result (as tL goes to zero), even for homogeneous plates.
The proposed identiﬁcation method for the shear constants Faa is actually an extension to periodic ortho-
tropic plates of Reissner’s method for homogeneous isotropic plates (e.g. Reissner, 1985). An inﬁnite plate is
submitted to the following bending conditions in direction 1 (the case of bending in direction 2 is similar): (i)
the body forces and the distributed forces on the upper and lower faces of the plate are null, (ii) the plate is
such that N = 0, M12 =M22 = 0 and M11 =M11(x1). From the plate balance equations, it is deduced that
dM11
dx1
¼ Q1 is constant. According to the Love–Kirchhoﬀ theory, the components of the local stress tensor arerLKðxÞ ¼
M11ðx1Þ x3I 0 0
0 0 0
0 0 0
0
B@
1
CAwith I ¼ Rþt32
t3
2
x23 dx3 ¼
t3
3
12
. Using the 3D balance equation for rLK(x), it can be noticed that that the error in this
equation depends linearly on the magnitude of the shear force Q1. The idea is to introduce an additional term
to rLK,rRM ¼ rLK þ Q1rQ1ðxÞ
such thatdivrRM ¼ 0:
Therefore,rQ1 ¼
0 0 3
2t3
1 4x23
t2
3
 	
0 0 0
3
2t3
1 4x23
t2
3
 	
0 0
0
BB@
1
CCA: ð11ÞThe shear constant is determined by identifying the additional stress energy due to Q1r
Q1ðxÞðQ1Þ2
F 11
¼ ðQ1Þ
2
G
Z þt32
t32
ðrQ113 Þ2 dx3:where G is the shear modulus of the plate. Hence, the following value for F11 (and F22) is obtainedF 11 ¼ F 22 ¼ 5
6
t3G: ð12ÞNow, let us consider the same loading conditions on an inﬁnite orthotropic periodic plate. According to the
Caillerie’s theory, the local stress tensor is given by (10) where the curvature tensor components arev11ðx1; x2Þ ¼ D1ð1111ÞM11ðx1Þ;
v22ðx1; x2Þ ¼ D1ð1122ÞM11ðx1Þ;
v12ðx1; x2Þ ¼ 0:Using the local balance equations divr(k) = 0 we obtaindivrLK ¼ Q1f1ðxÞ:
where the body force f1(x) has been deﬁned in (7). An additional term Q1r
Q1ðxÞ is added to (10)
rRM ¼ rLK þ Q1rQ1ðxÞsuch thatdivrRM ¼ 0;
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(6), a = 1. The average 3D stress energy density due to the additional term is
W Q1 ¼ ðQ1Þ2  hrQ1 : a1 : rQ1i=2. The solution of (6) is such that this energy density is minimum over all
x-periodic stress ﬁeld rQ1 satisfying the balance equation with f1. Finally, the Reissner–Mindlin plate shear
stress energy density (Q1)
2/2F11 is assumed to be equal to W
Q1 . This gives the expression (9).
It should be emphasized that the proposed identiﬁcation procedure does not depend on the particular
choice of the unit cell Y. Indeed, the body forces f a are obviously cell-independent because the periodic stress
ﬁelds r(k) are cell-independent.
In the case of homogeneous isotropic plates, t1 = t2 = 0 and the x-periodic ﬁelds in (1) and (6) are in fact
functions of the third coordinate y3. Hence, hfi* becomes hf i ¼
Rþt3=2
t3=2 f ðy3Þdy3 and the body forces f
a aref1 ¼
y3
I
0
0
0
B@
1
CA; f2 ¼
0
y3
I
0
0
B@
1
CA: ð13ÞIn this case and for a = 1, the solution of (6) leads to (11) and (12).
The proposed method is also consistent with the work of Whitney (1973) who extended to orthotropic lam-
inates the ideas of Reissner by introducing the so-called shear correction factors. For non-orthotropic laminates,
an alternative iterative method is proposed in Caron and Sab (2001) and Nguyen et al. (2005). Shear correction
factors are deﬁned by comparing the normalized Reissner shear constants Faa/t3 to the out-of-plane elastic shear
constants characterizing uniform shear loadings in the (ya,y3)-plane. For homogeneous isotropic plates, the out-
of-plane elastic shear constants are both equal to G. Hence, the shear correction factors are both equal to 5/6.
For periodic plates like hexagonal honeycombs (Gibson and Ashby, 1997), the out-of-plane elastic shear
constants are obtained by applying uniform shear stresses acting on the faces normal to y3 of the inﬁnite peri-
odic plate. Using the periodicity of the plate in the in-plane directions, the normalized elastic strain energy can
be calculated by solving a 3D boundary value problem on a unit cell that generates the plate. This boundary
value problem is actually diﬀerent from (6). Therefore, the out-of-plane elastic shear constants are diﬀerent
from the normalized Reissner shear constants Faa/t3. Hence, similarly to homogeneous isotropic plates and
orthotropic laminates, shear correction factors must be introduced for general periodic orthotropic plates.
2.2.3. Main properties of body forces f a
The body forces f1 are equal ~rð1Þ  e1 where ~rð1Þ is the solution to (1) for~vð1Þ ¼
D1ð1111Þ 0
0 D1ð1122Þ
 !
:The corresponding plate stresses are~Nð1Þ ¼ 0 0
0 0
 
; ~Mð1Þ ¼ 1 0
0 0
 
:Similarly, the body forces f2 are equal ~rð2Þ  e2 where ~rð2Þ is the solution to (1) for~vð2Þ ¼
D1ð1122Þ 0
0 D1ð2222Þ
 !
:The corresponding plate stresses are~Nð2Þ ¼ 0 0
0 0
 
; ~Mð2Þ ¼ 0 0
0 1
 
:Using the results of Cecchi and Sab (2002b) which are recalled in Appendix A, it is established that
• f 11 and f 22 are even in y1 and y2, and odd in y3;
• f 12 and f 21 are odd in y1, y2 and y3;
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hy3f 11 i ¼ 1; hy3f 12 i ¼ 0; hyaf 13 i ¼ 0; hy3f 21 i ¼ 0; hy3f 22 i ¼ 1; hyaf 23 i ¼ 0; hf ai i ¼ 0:Hence, the resultant force of f a is nullZ
Y
fa dy1 dy2 dy3 ¼ 0; ð14Þand the resultant moment at the center of Y isZ
Y
ðy faÞdy1 dy2 dy3 ¼
þSe2 for a ¼ 1;
Se1 for a ¼ 2;


ð15Þwhere S = t1t2 is the area of x. Taking into account the symmetries of f
a and Y, it is possible to identify the
two shear constants by solving two boundary value problems on Y/8 with usual boundary conditions. For
a = 1, one may easily check that the solution to (6) has the following symmetries:
• rQ111 ; u
Q1
2 ; u
Q1
3 are odd in y1.
• rQ112 ; u
Q1
2 ; r
Q1
23 are odd in y2.
• uQ11 ; u
Q1
2 ; r
Q1
33 are odd in y3.
Hence (6) may be solved on Y/8 with the following boundary conditions:rQ111 ð0; y2; y3Þ ¼ uQ12 ð0; y2; y3Þ ¼ uQ13 ð0; y2; y3Þ ¼ 0;
rQ111
t1
2
; y2; y3
 	
¼ uQ12
t1
2
; y2; y3
 	
¼ uQ13
t1
2
; y2; y3
 	
¼ 0;
rQ112 ðy1; 0; y3Þ ¼ uQ12 ðy1; 0; y3Þ ¼ rQ123 ðy1; 0; y3Þ ¼ 0;
rQ112 y1;
t2
2
; y3
 	
¼ uQ12 y1;
t2
2
; y3
 	
¼ rQ123 y1;
t2
2
; y3
 	
¼ 0;
uQ11 ðy1; y2; 0Þ ¼ uQ12 ðy1; y2; 0Þ ¼ rQ133 ðy1; y2; 0Þ ¼ 0;
rQ113 y1; y2;
t3
2
 	
¼ rQ123 y1; y2;
t3
2
 	
¼ rQ133 y1; y2;
t3
2
 	
¼ 0:Similarly, for a = 2, the boundary conditions areuQ21 ð0; y2; y3Þ ¼ rQ212 ð0; y2; y3Þ ¼ rQ213 ð0; y2; y3Þ ¼ 0;
uQ21
t1
2
; y2; y3
 	
¼ rQ212
t1
2
; y2; y3
 	
¼ rQ213
t1
2
; y2; y3
 	
¼ 0;
uQ21 ðy1; 0; y3Þ ¼ rQ222 ðy1; 0; y3Þ ¼ uQ23 ðy1; 0; y3Þ ¼ 0;
uQ21 y1;
t2
2
; y3
 	
¼ rQ222 y1;
t2
2
; y3
 	
¼ uQ23 y1;
t2
2
; y3
 	
¼ 0;
uQ21 ðy1; y2; 0Þ ¼ uQ22 ðy1; y2; 0Þ ¼ rQ233 ðy1; y2; 0Þ ¼ 0;
rQ213 y1; y2;
t3
2
 	
¼ rQ223 y1; y2;
t3
2
 	
¼ rQ233 y1; y2;
t3
2
 	
¼ 0:3. Application to periodic brickworks
3.1. Previous results
In this paragraph, the fundamental results already obtained by the authors Cecchi and Sab (2002b, 2004,
2006, 2007) to build plate models for masonry panels are reported. The masonry is modelled as a periodic
Fig. 2. Masonry structure: running bond REV.
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generates the body by periodicity in directions 1 and 2. Two unit cell patterns are considered: stack bond
(Fig. 1) and running bond (Fig. 2). a is the width of the block and b is its height; eh is the thickness of the
bed joint and ev is the thickness of the head joint; aB and aM are the elasticity tensors of the blocks and
the mortar, respectively.3.1.1. Love–Kirchhoﬀ homogenized periodic brickwork
For both stack bond and running bond masonry an analytical model to obtain in-plane and out-of-plane
homogenized constants, in symbolic form, has been already developed. The analytical model was obtained in
the following case: the mortar is much more deformable than the block and the thickness of the mortar joints
is small in comparison to the size of the blocks. More precisely, if block and mortar are both isotropic, then a
parameter n is deﬁned byn ¼ E
M
EB
;where E is the Young modulus of the two materials. Moreover, the non-dimensional parameter u is deﬁned asu ¼ e
h
a
¼ e
v
cb
; ð16Þwhere c is a further parameter which take into account the possibility that head and bead joints may have not
the same thickness ratio.
Cecchi and Sab (2002a) have pointed out that if n and u are of the same order with n  u	 1, then (1) is
asymptotically equivalent to the following boundary value problem on a unit cell consisting of deformable
blocks connected by cohesive interfaces:divrH ¼ 0;
rH ¼ aB : e;
e ¼ Eþ y3vþ gradsðuperÞ;
rH  n ¼ K  ½½u interface constitutive relation on R
rH  e3 ¼ 0 on oY 3 ;
rH  n skew-periodic on oY l;
uper periodic on oY l:
8>>>>>>><
>>>>>>:
ð17ÞHere, R is the interface, [[u]] is the jump of displacement ﬁeld across R and K is given by
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M
ikljnknl; ð18Þwhere e is the thickness of the real joint and n is the normal to the interface R. In the isotropic case, the above
expression becomesK ¼ 1
e
ðlMIþ ðlM þ kMÞðn
 nÞÞ; ð19Þwhere lM and kM are the Lame´ constants of the mortar (Klarbring, 1991; Avila-Pozos et al., 1999; Cecchi and
Sab, 2002a). Note that K tensor has a diagonal form in this case.
The asymptotic constitutive law of the plate becomesN ¼ hrH i ¼ AH : E; M ¼ hy3rH i ¼ DH : v:
In the case of rigid blocks connected by elastic interfaces, the membranal and bending moduli may be found
in Cecchi and Sab (2002b, 2006, 2007). They are noted AF and DF, respectively. Using energetic formulations,
very accurate upper bounds for AH and DH have been built by the addition of a homogeneous plate kinematics
to a rigid body kinematics in the blocks. We haveE : ðAH : EÞ 6 E : ðAR : EÞ ð20Þ
for all second-rank symmetric tensor E, withðARÞ1 ¼ ðt3aBÞ1 þ ðAF Þ1: ð21Þ
Here, aB* is the plane stress elasticity tensor of the blocks. Similarly, we have for the bending constantsv : ðDH : vÞ 6 v : ðDR : vÞ ð22Þ
for all second-rank symmetric tensor v, withðDRÞ1 ¼ t
3
3
12
aB
 1
þ ðDF Þ1: ð23ÞThe explicit expressions for AR and DR for stack bond and running bond may be found in Cecchi and Sab
(2002b, 2007).3.1.2. Determination of the shear constants for rigid blocks connected by elastic interfaces
In this paragraph, we recall the method proposed by the authors in Cecchi and Sab (2004, 2006) for the
determination of the shear constants for masonry panels in the case of running bond masonry consisting of
rigid blocks connected by elastic interfaces.
Let yi,j be the position of the centre of the generic Bi,j block in the 3D Euclidean spaceyi;j ¼ i b
2
e1 þ jae2:As shown in Fig. 3, j can actually take arbitrary values while i is such that i + j is even. The displacement of
each block is a rigid body motionu ¼ ui;j þXi;j  ðy yi;jÞ; 8y 2 Bi;j ð24Þ
where ui,j is the translation vector and Xi,j is the rotation vector of Bi,j. Because in-plane and out-of-plane elas-
tic interactions are uncoupled, only the out-of-plane kinematics are considered: ui;j1 ¼ ui;j2 ¼ Xi;j3 ¼ 0: Hence,
starting from Eq. (24), the 3D displacement ﬁeld in the discrete model isuðyÞ ¼
þXi;j2 y3
Xi;j1 y3
ui;j3 þ Xi;j1 ðy2  yi;j2 Þ  Xi;j2 ðy1  yi;j1 Þ
0
B@
1
CA; 8y 2 Bi;j:
Fig. 3. Running bond 3D discrete model: rigid blocks with elastic mortar interfaces.
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the average Reissner–Mindlin shear force Q1 is identiﬁed asQ1 ¼
1
2a
½Biþ1;jþ1 ! Bi1;jþ1 þ ½Biþ1;j1 ! Bi;j
þ½Biþ1;jþ1 ! Bi;j þ ½Biþ2;j ! Bi;j
 
; ð25Þwhere ½Biþk1;jþk2 ! Bi;j is the resultant force in direction 3 exerted by block Biþk1;jþk2 on block Bi,j. Similarly, Q2
is identiﬁed asQ2 ¼
1
b
ð½Biþ1;jþ1 ! Bi;j þ ½Bi1;jþ1 ! Bi;jÞ: ð26ÞThe resultant force ½Biþk1;jþk2 ! Bi;j may be expressed as a function of ðui;j3 ;Xi;j1 ;Xi;j2 Þ and
ðuiþk1;jþk23 ;Xiþk1;jþk21 ;Xiþk1;jþk22 Þ when using the interface constitutive relation rÆn = KÆ[[u]]. An identiﬁcation be-
tween the Reissner–Mindlin kinematics and the 3D discrete kinematics is deﬁned asui;j3 ¼ þURM3 ðyi;jÞ;
Xi;j2 ¼ þ/1ðyi;jÞ;
Xi;j1 ¼ /2ðyi;jÞ:Introducing the above equations in (25) and (26) with Taylor expansions of order 1 in URM3 and of order 0 in
/1 and /2, we obtainQ1 ¼
K 00bt
ev
þ K
00b2t
4aeh
 
ðURM3;1 þ /1Þ;
Q2 ¼
K 00at
eh
ðURM3;2 þ /2Þ:Hence, the elastic shear constant F Faa has been identiﬁedF F11 ¼
K 00bt
ev
þ K
00b2t
4aeh
; F F22 ¼
K 00at
eh
: ð27ÞIf we use the same method for stack bond masonry, Fig. 4, we ﬁndF F11 ¼
K 00bt
ev
; F F22 ¼
K 00at
eh
: ð28ÞUnlike for running bond masonry, there is no eﬀect of the horizontal joints on the shear constant F11 for stack
bond masonry.
It is very important to show that the proposed general procedure for the identiﬁcation of the homogenized
shear constants of periodic plates is consistent with (27) and (28). Let us ﬁrst state problem (6) in the case of
elastic blocks connected by elastic interfaces.
Bi,j
Bi,j-1
Bi-1,j Bi+1,j
Bi,j+1
b
a
t
Σ0,-1
ℑ
Σ1,0
Σ0,+1
Σ
-1,0
Fig. 4. Stack bond 3D discrete model: rigid blocks with elastic mortar interfaces.
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In this case (6) becomesdivrQa þ fa ¼ 0;
rQa ¼ aB : gradsðuQaÞ;
rQa  n ¼ K  ½½u interface constitutive relation on R
rQa  e3 ¼ 0 on oY 3 ;
rQa  n skew-periodic on oY l;
uQa periodic on oY l:
8>>>><
>>>>>:
: ð29ÞHere, the body forces f a are equal to ~rðaÞ  ea (no summation) where ~rðaÞ is the solution to (17) for ~vðaÞ. The
shear constant F Haa can be equivalently deﬁned in the following variational form (no summation over a):ðF HaaÞ1 ¼ max
uQaperiodic
2 fa  uQah i  hgradsðuQaÞ : aB : gradsðuQaÞi
 1S
R
R½½u  K  ½½udR
( )
: ð30ÞAs shown by Cecchi and Sab (2002b), in the case of rigid blocks, the only possible periodic displacements uQa
are rigid block displacements (24) with the same translations ui;j ¼ u^ and the same rotations Xi;j ¼ X^ for all
the blocks. Moreover, using the properties of body forces f a (14) and (15), it is found that the term 2hfa  uQai
in (30) is equal to 2X^2 for a = 1 and 2X^1 for a = 2; the second term of the right-hand side of (30) is null and
the third term is a quadratic function of the three components of X^. See Appendix B. We have performed the
optimization of the right-hand side of (30) for a = 1 and a = 2, for both stack bond and running bond ma-
sonry. The obtained results are consistent with (27) and (28).
In the case of deformable blocks, an analytical approximation of FH may be obtained in analogy with the
procedure proposed by the authors (Cecchi and Sab, 2002b) based on the addition of a homogeneous plate
kinematics to a rigid body kinematics in the blocks. (see Eqs. (21)–(23)). More precisely, if the trial periodic
ﬁeld uQa in (30) is the addition of a continuous part and a periodic rigid body displacement in the blocks
ðui;j ¼ u^;Xi;j ¼ X^), then the optimization over these two parts is uncoupled. The discontinuous part lead to
ðF FaaÞ1 while the continuous part would lead to ð5t6lBÞ1, where lB is the shear constant of the block, if the
body forces f a were given by (13). In fact, the real fa are not given by (13) which corresponds to the homo-
geneous case. Nevertheless, it is reasonable to assume that (13) is a good approximation. Finally, we introduce
the shear constants FR deﬁned asðFRÞ1 ¼ 5t
6
lB
 1
þ ðFF Þ1: ð31ÞThe numerical 3D analysis of the next section will actually show that FR is a good approximation of FH.
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In this section, the homogenized shear constants are numerically found when the blocks are isotropic linear
elastic bodies connected by cohesive interfaces made of isotropic mortar. For running bond, a numerical FEM
procedure is used. Besides, the formulation of previous subsection enables us to build analytical evaluation of
Faa that we compare to FEM results.
A FEM procedure has been performed in order to get the solution of the ﬁeld problem (17) to obtain the
ﬂexural homogenized constants and in a second step the shear homogenized constants. The chosen module
(Fig. 5a) has three symmetry axes, hence only 1/8 of the module has been discretized (Fig. 5b). Tetrahedral
8-nodes elements have been used. The same elements have been used to describe the mortar. This means that
the case of eﬀective mortar joints has been solved by our FEM computation. The geometric parameters of the
module are a = 250 mm, b = 55 mm, t = 120 mm (brick UNI) eh = ev = 2 mm. In order to check the reliability
of the FEM results in some meaningful structural cases, a mesh less reﬁned than the one used in Cecchi and
Sab (2002b) is chosen. No signiﬁcant diﬀerences in the homogenized constants with the previous paper of the
authors has been found, hence this mesh is here adopted. When the EM/EB ratio tends to zero – the blocks
tend to become rigid bodies – the number of element used along the thickness of the mortar inﬂuences the
results. Hence, three layers of elements has been used along the mortar thickness.
In the following, some experimentations are presented. The former is relative to the trend of Faa both for
running and stack bond for diﬀerent EB/EM ratios, the latter is relative to a structural comparison between the
Reissner–Mindlin model and the 3D FE heterogeneous model.Fig. 5. FEM mesh of 1/8 of the Y-REV.
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Here follows the comparison for running bond masonry between the trend of the shear elastic constants Faa
obtained with the 3D heterogeneous FEM and the analytical approximation proposed in the Eq. (31), when
the Young modulus of the blocks varies, the Poisson ratio of both mortar and blocks being ﬁxed to 0.2. The
ratio between the Young modulus of the mortar and the one of the blocks is assumed comprehended between
1 – homogeneous material – and 0 – perfectly rigid blocks. Figs. 6 and 7 show – for the two models – the trend
of the homogenized constants F11 and F22. For each constant the solution obtained under the hypothesis of
elastic block if compared to the one obtained under the assumption of the rigid block model. The ratio
between the Young modulus of the two materials EM/EB is set in the x-axis and F aa=F Faa is set in the y-axis.
It is worth noting that the analytical model is consistent if compared with the 3D FEM. For EM/EB = 1, both
models give Faa equal to 5tG/6.
For stack bond pattern only the analytical evaluation of F11 is reported in the Fig. 8 as well as the case of
rigid blocks.4.2. Experimentation no. 2 – plate with a running bond texture
4.2.1. Smooth loading conditions
A plate, clamped on two edges, and of inﬁnity dimension in the direction orthogonal to the two clamped
edges is subject to a uniform force distribution, p, in the orthogonal direction to the middle plane. For the 3D
FEM, this loading corresponds to the weight of the plate. The plate dimensions are: L, H and t (thickness).
The block dimensions are 250 mm – width –, 55 mm – height – and 120 mm – thickness –, the Young modulusF.E.M.
analytical
Rigid block
F11/F11
EM/EB
EM/EB
0 0.2 0.4 0.6 0.8 1
0
0.2
0.4
0.6
0.8
1
0 0.02 0.04 0.06 0.08 0.10
0.2
0.4
0.6
0.8
1
Rigid block
F11/F11
F
F
b
Fig. 6. (a) Running bond: F11 modulus versus the E
M/EB parameter for 0 6 EM/EB 6 1. Analytical homogenization (elastic and rigid
blocks assumptions) and FEM results. (b) Detail of Fig. 6a for 0 6 EM/EB 6 0.1.
F.E.M.
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EM/EB
EM/EB0 0.02 0.04 0.06 0.08 0.10.2
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F22/F22
0 0.2 0.4 0.6 0.8 1
0
0.2
0.4
0.6
0.8
1
Rigid block
F22/F22F
F
a
b
Fig. 7. (a) Running bond and stack bond: F22 modulus versus the E
M/EB parameter for 0 6 EM/EB 6 1. Analytical homogenization
(elastic and rigid blocks assumptions) and FEM results. (b) Detail of Fig. 7a for 0 6 EM/EB 6 0.1.
EM/EB
0 0.2 0.4 0.6 0.8 10
0.2
0.4
0.6
0.8
1
Rigid block
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Fig. 8. Stack bond: F11 modulus versus the E
M/EB parameter for 0 6 EM/EB 6 1. Analytical homogenization (elastic and rigid blocks
assumptions).
A. Cecchi, K. Sab / International Journal of Solids and Structures 44 (2007) 6055–6079 6069varies 1 6 EB 6 105 MPa and Poisson ratio is mM = 0.2. The mortar joint thickness is 2 mm, the Young mod-
ulus is EM = 1 MPa and Poisson ratio is mB = 0.2.
Case 1:H = +1
The plate is inﬁnite in x2 direction and it is clamped in x1 = 0 and x1 = L. Hence, it is subjected to cylin-
drical bending. For the Reissner–Mindlin model, we haveURM1 ¼ URM2 ¼ /2 ¼ 0; URM3 ¼ URM3 ðx1Þ; /1 ¼ /1ðx1Þ:
From the balance equations, we obtain
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L
2
 
; M11 ¼ p
2
xðx LÞ þ k;where k is an unknown constant to be determined. The constitutive equations readQ1 ¼ F 11ð/1 þ URM3;1 Þ; M11 ¼ D1111/1;1:The boundary conditions areURM3 ð0Þ ¼ URM3 ðLÞ ¼ 0;
/1ð0Þ ¼ /1ðLÞ ¼ 0;The boundary conditions on the rotation provides the value of the unknown k = pL2/12. The solution is easily
foundURM3 ðx1Þ ¼
pL2
2
x1
L
 	 x1
L
 1
 	 1
F 11
 pL
4
24D1111
x1
L
 	4
 2 x1
L
 	3
þ x1
L
 	2 
;
/1 x1ð Þ ¼
pL3
24D1111
4
x1
L
 	3
 6 x1
L
 	2
þ 2 x1
L
 	 
:Fig. 9 is relative to a plate with t = 120 mm and L = 1.260 m in the case of EM/EB = 1/20. The brick
UNI is used and the DR1111 ﬂexural constant is the one obtained in Eq. (23). In this ﬁgure, the sensitivity
of the U3 displacement to the shear F11 constant is evaluated by varying the F11 constant from F
R
11 to F
F
11
reported in Eq. (27). When F11!1 the U3 displacement corresponds to the case of Love–Kirchhoﬀ
plate.
The 3D model is obtained by repetition along the x1 direction of Y/4 module, as shown in Fig. 10. Due to
symmetry with respect to the middle plane of the plate, only one half of the eﬀective plate is considered (thick-
ness t/2). The analyzed plate is composed of nY/4 modules in the horizontal direction (Fig. 10b). The
boundary conditions in the 3D heterogeneous FEM arer13ðx1; x2; t=2Þ ¼ r23ðx1; x2; t=2Þ ¼ r33ðx1; x2; t=2Þ ¼ 0;
u1ðx1; x2; 0Þ ¼ u2ðx1; x2; 0Þ ¼ r33ðx1; x2; 0Þ ¼ 0;
u1ðx1; x2; 0Þ ¼ u2ðx1; x2; 0Þ ¼ r33ðx1; x2; 0Þ ¼ 0;
u1ð0; x2; x3Þ ¼ u2ð0; x2; x3Þ ¼ u3ð0; x2; x3Þ ¼ 0;
u1ðL; x2; x3Þ ¼ u2ðL; x2; x3Þ ¼ u3ðL; x2; x3Þ ¼ 0;
r12 x1; aþ e
h
2
; x3
 
¼ u2 x1; aþ e
h
2
; x3
 
¼ r23 x1; aþ e
h
2
; x3
 
¼ 0:The following numerical experimentation is carried out. The geometry of the block is ﬁxed. We want to
determine the minimum number of blocks – repetition of Y/4 modules – for which the hypothesis of
masonry modelled as a homogeneous Reissner–Mindlin plate may be used for diﬀerent ratios of EM/
EB. The maximum error between the two models is referred to the maximum displacement umax in the
centre of the plate. The deformed conﬁguration has been normalized with respect to the analytical value
of umax. In the Fig. 11a, the e% percent error in umax has been presented as a function of n. The e% is
deﬁned as followse% ¼ 100 u
numerical
max  uanalyticalmax
uanalyticalmax
:In the Fig. 11b, the ratio t/L is set in the x-axis and e% is set in the y-axis. Fig. 11a clearly shows that the error
quickly decreases when the number of blocks in the panel increases. Moreover, it is interesting to note that
only one diagram of the percentage error is reported. In fact, for ﬁxed n, e% is the same for diﬀerent ratios
of EM/EB.
Fig. 10. Case 1. Geometry. (a) The 3D model of Y/4 module. (b) The 3D model of an inﬁnite plate in the x2 direction composed by nY/4
modules in the x1 direction.
F11<F11<F11EM/EB=1/20
F11
F11R
u3
RM
u3max
u3
LK
u3max
RM
RM
1 3 5 7 9 11
0.85
0.88
0.91
0.94
0.97
1
R F
Fig. 9. Sensitivity for EM/EB = 1/20 of the URM3 Reissner–Mindlin displacement by varying the F11 constant from F
F
11 to F
R
11. The U
LK
3 and
URM3 displacements are normalized with the maximum value of U
RM
3 and the shear modulus F11 is normalized with F
R
11.
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In this case, the plate is clamped in x2 = 0 and x2 = H while it is inﬁnite in the x1 direction. The 3D model is
obtained by repetition along the x2 direction of Y/4 module, as shown in Fig. 12. Only one half of the eﬀective
plate is considered (thickness t/2). The analyzed plate is composed of nY/4 modules in the vertical direction
(Fig. 12b). The boundary conditions in the 3D heterogeneous FEM are
nErr% Err%
t/L
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2
4
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a b
Fig. 11. Case 1. Results. (a) Percentage error of Love–Kirchhoﬀ and Reissner–Mindlin models compared to 3D FEM versus heterogeneity
number n. (b) Percentage error of Love–Kirchhoﬀ and Reissner–Mindlin models compared to 3D FEM versus the ratio between the
thickness and the L dimension.
Fig. 12. Case 2. Geometry. (a) The 3D model of Y/4 module. (b) The 3D model of an inﬁnite plate in the x1 direction composed by nY/4
modules in the x2 direction.
6072 A. Cecchi, K. Sab / International Journal of Solids and Structures 44 (2007) 6055–6079
Fig. 13
numbe
thickn
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u1ðx1; x2; 0Þ ¼ u2ðx1; x2; 0Þ ¼ r33ðx1; x2; 0Þ ¼ 0;
u1ðx1; 0; x3Þ ¼ u2ðx1; 0; x3Þ ¼ u3ðx1; 0; x3Þ ¼ 0;
u1ðx1;H ; x3Þ ¼ u2ðx1;H ; x3Þ ¼ u3ðx1;H ; x3Þ ¼ 0;
r12  bþ e
v
2
; x2; x3
 
¼ u2  bþ e
v
2
; x2; x3
 
¼ r13  bþ e
v
2
; x2; x3
 
¼ 0:Similarly to the Case 1, a numerical experimentation is carried out. The maximum error between the two mod-
els is referred to the maximum displacement umax in the centre of the plate. The deformed conﬁguration has
been normalized with respect to the analytical value of umax. The percentage error e% is deﬁned as in the pre-
vious case. In Fig. 13a the number n of Y/4 modules in the vertical direction is set in the x-axis and the per-
centage error e% is set in the y-axis. In the Fig. 13b, the ratio t/L is set in the x-axis and the percentage error
e% is set in the y-axis. Fig. 13a clearly shows that the error quickly decreases when the number of blocks in the
panel increases. Here again, only one diagram of the percentage error is reported because, for a ﬁxed number
of the blocks, the inﬂuence of ratio EM/EB on e% is negligible.
4.2.2. Concentrated load
The plate described in Section 4.2.1 – Case 1 is studied under the action of a concentrated load. It is
clamped at x1 = 0 and an out-of-plane line-force P is exerted on the opposite edge at x1 = L. This inﬁnite plate
in the x2 direction is subjected to cylindrical bending. Hence, for the Reissner–Mindlin model, we haveURM1 ¼ URM2 ¼ /2 ¼ 0; URM3 ¼ URM3 ðx1Þ; /1 ¼ /1ðx1Þ:
From the balance equations, we obtainQ1 ¼ P ; M11 ¼ Pðx LÞ:
The constitutive equations readQ1 ¼ F 11ð/1 þ URM3;1 Þ; M11 ¼ D1111/1;1:
The boundary conditions areURM3 ð0Þ ¼ 0; /1ðLÞ ¼ 0:
The solution is easily foundErr% Err%
t/Ln
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. Case 2. Results. (a) Percentage error of Love–Kirchhoﬀ and Reissner–Mindlin models compared to 3D FEM versus heterogeneity
r n. (b) Percentage error of Love–Kirchhoﬀ and Reissner–Mindlin models compared to 3D FEM versus the ratio between the
ess and the L dimension.
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Fig. 14. Concentrated load. (a) Percentage error of Love–Kirchhoﬀ and Reissner–Mindlin models compared to 3D FEM versus
heterogeneity number n. (b) Percentage error of Love–Kirchhoﬀ and Reissner–Mindlin models compared to 3D FEM versus the ratio
between the thickness and the L dimension.
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PL
F 11
x1
L
 	
 PL
3
2D1111
1
3
x1
L
 1
 	3
 x1
L
 	
þ 1
3
 
;
/1 x1ð Þ ¼
PL2
2D1111
x1
L
 1
 	2
 1
 
:The 3D model is shown in Fig. 10. The analyzed plate is composed of nY/4 modules in the horizontal direction
(Fig. 10b). Only one half of the eﬀective plate is considered (thickness t/2). The boundary conditions in the 3D
heterogeneous FEM arer13ðx1; x2; t=2Þ ¼ r23ðx1; x2; t=2Þ ¼ r33ðx1; x2; t=2Þ ¼ 0;
u1ðx1; x2; 0Þ ¼ u2ðx1; x2; 0Þ ¼ r33ðx1; x2; 0Þ ¼ 0;
u1ð0; x2; x3Þ ¼ u2ð0; x2; x3Þ ¼ u3ð0; x2; x3Þ ¼ 0;
r11ðL; x2; x3Þ ¼ r12ðL; x2; x3Þ; r13ðL; x2; x3Þ ¼ Pt ;
r12 x1; aþ e
h
2
; x3
 
¼ u2 x1; aþ e
h
2
; x3
 
¼ r23 x1; aþ e
h
2
; x3
 
¼ 0:The maximum error between the two models is referred to the maximum out-of-plane displacement umax of the
loaded edge of the plate. The deformed conﬁguration has been normalized with respect to the analytical value
of umax. In Fig. 14a, the percentage error in umax, e%, has been presented as a function of n. Alike the previous
cases, for a ﬁxed number of blocks, e% is the same for diﬀerent values of ratio EM/EB. In the Fig. 14b, the ratio
t/L is set in the x-axis and the percentage error e% is set in the y-axis. Fig. 14a clearly shows that the error
quickly decreases as the number of blocks in the panel increases. In particular, the error in the Reissner–Mind-
lin model is quite comparable as for smooth loading conditions (Section 4.2.1 – Case 1), while the Love–Kir-
chhoﬀ model (F11! +1) shows a more relevant error in the present case.5. Conclusions
The shear eﬀects are relevant for out-of-plane loaded masonry walls. The more consistent contribution of
this work is the formulation of a homogenized Reissner–Mindlin model for orthotropic periodic plates and its
application to masonry walls with elastic blocks. The bending constants are the same as those of the Love–
Kirchhoﬀ model proposed by Caillerie. The Reissner shear constants are obtained in a second step by solving
A. Cecchi, K. Sab / International Journal of Solids and Structures 44 (2007) 6055–6079 6075a 3D boundary value on a unit cell that generates the periodic plate. The identiﬁcation method described in
this paper is an extension to general periodic orthotropic plates of the method proposed by Reissner and With-
ney for orthotropic laminates. Concerning masonry walls, it is proved that the proposed procedure is consis-
tent with the one already used by the authors for rigid blocks. Moreover, an analytical approximation for the
homogenized shear constants is derived for the case of deformable blocks. A comparison with 3D ﬁnite ele-
ments computations on the unit cell shows that the proposed approximation is very consistent with the real
homogenized shear constants.
The eﬀectiveness of the proposed identiﬁcation method has been veriﬁed by conducting a numerical exper-
imentation on a masonry panel under cylindrical bending conditions. Here, the full 3D ﬁnite elements heter-
ogeneous model has been compared to the corresponding 2D Reissner–Mindlin and Love–Kirchhoﬀ plate
models so as to study the discrepancy between these three models as a function of the length-to-thickness ratio
(slenderness) of the panel. Both smooth and concentrated load conditions have been considered. The results of
the numerical analysis clearly show that the Reissner–Mindlin model is reliable, hence it may be used in order
to taken into account shear eﬀect in a masonry panel.Appendix A
For v = v(1) and v = v(2) the stress ﬁeld solution to (1) has the following properties:
• r11, r22 and r33 are even in y1 and y2, and odd in y3.
• r12 is odd in y1, y2 and y3.
• r13 is odd in y1, and even in y2 and y3.
• r23 is even in y1 and y3, and odd in y2.
For v = v(3),
• r11, r22 and r33 are odd in y1 and y2, and even in y3.
• r12 is even in y1, y2 and y3.
• r13 is even in y1, and odd in y2 and y3.
• r23 is odd in y1 and y3, and even in y2.
Hence, the boundary value problem (1) can be solved on Y/8 where the ﬁeld equations becomedivr ¼ 0;
r ¼ aðyÞ : gradsðuÞ:

The boundary conditions for v = v(1) areu1ðy1; y2; 0Þ ¼ u2ðy1; y2; 0Þ ¼ r33ðy1; y2; 0Þ ¼ 0;
r13 y1; y2;
t3
2
 	
¼ r23 y1; y2;
t3
2
 	
¼ r33 y1; y2;
t3
2
 	
¼ 0;
u1ð0; y2; y3Þ ¼ r12ð0; y2; y3Þ ¼ r13ð0; y2; y3Þ ¼ 0;
u1
t1
2
; y2; y3
 	
¼ t1
2
y3; r12
t1
2
; y2; y3
 	
¼ r13 t1
2
; y2; y3
 	
¼ 0;
r12ðy1; 0; y3Þ ¼ u2ðy1; 0; y3Þ ¼ r23ðy1; 0; y3Þ ¼ 0;
r12 y1;
t2
2
; y3
 	
¼ u2 y1;
t2
2
; y3
 	
¼ r23 y1;
t2
2
; y3
 	
¼ 0:The homogenized bending moduli are
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Z
Y =8
y3r11 dy1 dy2 dy3;
D1122 ¼ 2S0
Z
Y =8
y3r22 dy1 dy2 dy3;where S
0
is the area of the middle surface of Y/8.
The boundary conditions for v = v(2) areu1ðy1; y2; 0Þ ¼ u2ðy1; y2; 0Þ ¼ r33ðy1; y2; 0Þ ¼ 0;
r13 y1; y2;
t3
2
 	
¼ r23 y1; y2;
t3
2
 	
¼ r33 y1; y2;
t3
2
 	
¼ 0;
u1ð0; y2; y3Þ ¼ r12ð0; y2; y3Þ ¼ r13ð0; y2; y3Þ ¼ 0;
u1
t1
2
; y2; y3
 	
¼ r12 t1
2
; y2; y3
 	
¼ r13 t1
2
; y2; y3
 	
¼ 0;
r12ðy1; 0; y3Þ ¼ u2ðy1; 0; y3Þ ¼ r23ðy1; 0; y3Þ ¼ 0;
r12 y1;
t2
2
; y3
 	
¼ r23 y1;
t2
2
; y3
 	
¼ 0; u2 y1;
t2
2
; y3
 	
¼ t2
2
y3:The homogenized bending moduli areD2222 ¼ 2S0
Z
Y =8
y3r22 dy1 dy2 dy3;
D2211 ¼ 2S0
Z
Y =8
y3r11 dy1 dy2 dy3:Naturally, we should have D2211 = D1122. Finally, the boundary conditions for v = v
(3) arer13ðy1; y2; 0Þ ¼ r23ðy1; y2; 0Þ ¼ 0; u3ðy1; y2; 0Þ ¼ y1y2;
r13 y1; y2;
t3
2
 	
¼ r23 y1; y2;
t3
2
 	
¼ r33 y1; y2;
t3
2
 	
¼ 0;
r11ð0; y2; y3Þ ¼ u2ð0; y2; y3Þ ¼ u3ð0; y2; y3Þ ¼ 0;
r11
t1
2
; y2; y3
 	
¼ 0; u2 t1
2
; y2; y3
 	
¼ t1
2
y3; u3
t1
2
; y2; y3
 	
¼  t1
2
y2;
r22ðy1; 0; y3Þ ¼ u1ðy1; 0; y3Þ ¼ u3ðy1; 0; y3Þ ¼ 0;
r22 y1;
t2
2
; y3
 	
¼ 0; u1 y1;
t2
2
; y3
 	
¼ t2
2
y3; u3 y1;
t2
2
; y3
 	
¼  t2
2
y1:The homogenized bending modulus is2D1212 ¼ 2S0
Z
Y =8
y3r12 dy1 dy2 dy3:Appendix B
The aim of this section is to calculate the term2W ¼ 1
S
Z
R
½½u  K  ½½udswhich appears in (30) when the displacements uQa are periodic rigid block displacements (24) with the same
translations ui;j ¼ u^ and the same rotations Xi;j ¼ X^ for all the blocks. The jump of the displacement ﬁeld
on the interfaces may be found.
Ω2
Ω2
Ω1
Ω1
Fig. 15. Kinematic description of stack bond: (a) X2 rotation; (b) X1 rotation.
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The characteristic module shown in Fig. 1 is investigated. Fig. 15 shows the constant rotation in the blocks.
This module is periodic along the y1 and y2 directions. It exhibits a central symmetry.
On the interfaces between the blocks B1  B4 and the blocks B2  B3, the displacement jump is
½½u1;4 ¼ ½½u2;3 ¼ aX^3e1  aX^1e3:On the interfaces between the blocks B1  B2 and the blocks B4  B3 it is
½½u1;2 ¼ ½½u4;3 ¼ bX^3e2 þ bX^2e3:
2W ¼ 1
ab
Z b
2
0
Z t
2
 t2
½½u1;4  Kh½½u1;4 dy1 dy3 þ
Z 0
b2
Z t
2
 t2
½½u2;3  Kh½½u2;3 dy1 dy3
"
þ
Z a
2
0
Z t
2
 t2
½½u1;2  Kv½½u1;2 dy2 dy3 þ
Z 0
a2
Z t
2
 t2
½½u4;3  Kv½½u4;3 dy2 dy3
#
¼ K 00t
eh
a X^
2
2 þ e
v
b X^
2
1 þ e
h
a þ e
v
b
 	
X^23
eh
a
ev
bwhere the K tensor in the horizontal and vertical interfaces is given byKh ¼ 1
eh
K 00 0 0
0 K 0 0
0 0 K 00
0
B@
1
CA; Kv ¼ 1
ev
K 0 0 0
0 K 00 0
0 0 K 00
0
B@
1
CAwith K 0 = kM + 2lM and K00 = lM.
The term 2hfa  uQai in (30) is equal to 2X^2 for a = 1 and 2X^1 for a = 2. The optimization with respect to
X^ in (30) providesX^1 ¼ X^3 ¼ 0; X^2 ¼ e
v
K 00bt
; ðF F11Þ1 ¼
ev
K 00btfor a = 1, andX^2 ¼ X^3 ¼ 0; X^1 ¼  e
h
K 00at
; ðF F22Þ1 ¼
eh
K 00atfor a = 2.
• Running bond
The characteristic module shown in Fig. 2 is investigated. Fig. 16 shows the constant rotations in the
blocks. This module is periodic along the oblique directions and it exhibits a central symmetry. On the inter-
faces between the blocks B2  B1 and between the blocks B3  B4, the displacement jump is½½u2;1 ¼ ½½u3;4 ¼ aX^3e1 þ
b
2
X^3e2  aX^1 þ b
2
X^2
 
e3:
Ω2
Ω1
Ω1
Ω2
Fig. 16. Kinematic description of running bond: (a) X2 rotation; (b) X1 rotation.
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b
2
X^3e2  aX^1  b
2
X^2
 
e3:On the interface between the blocks B1  B3, it is
½½u1;3 ¼ bX^3e2 þ bX^2e3:As for the case of stack bond, we can set X^3 ¼ 0 and we ﬁnd2W ¼ 1
ab
Z b
4
0
Z t
2
 t2
½½u2;1  Kh  ½½u2;1 dy1 dy3 þ
Z b
4
0
Z t
2
 t2
½½u1;4  Kh  ½½u1;4 dy1 dy3
"
þ
Z 0
b4
Z t
2
 t2
½½u2;3  Kh  ½½u2;3 dy1 dy3 þ
Z 0
b4
Z t
2
 t2
½½u3;4  Kh  ½½u3;4 dy1 dy3
þ
Z a
2
a2
Z t
2
 t2
½½u1;3  Kv  ½½u1;3 dy2 dy3
#
¼ K 00 t
4
4eh
a þ e
v
b
b
a
h i
X22 þ 4e
v
b X
2
1
eh
a
ev
b
:The optimization of (30) with respect to X^ providesðF F11Þ1 ¼
4eheva
K 00bt½4ehaþ evb
for a = 1, andðF F22Þ1 ¼
eh
K 00atfor a = 2.
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